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1 Introduction
$2W5$ 2006 , Comprehensive Gr\"obner Bases (CGB) Comprehensive Gr\"obner
Sy8tem (CGS) [14], Gr\"obner $Bas\infty$ Suzuki-Sato
[11] .
Weispfenning $[14, 15]$ Montes $[3, 4]$ Suzuki-Sato [$8|$ CGB&CGS
$\mathbb{Q}(\overline{A})$ $\mathbb{Q}(\overline{A})[\overline{X}]$ , $S$
. , Suzuki-Sato
$\mathbb{Q}$ $\mathbb{Q}[\overline{A},\overline{X}]$ Gr\"obner bases ,
CGS&CGB .
Discrete comprehensive Gr\"obner bases (DCGB) $2\mathfrak{X}1$ Sato-Suzuki [7] . DCGB
specialization homomorphism $K(\overline{A})[\overline{X}]arrow L[\overline{X}]$ ($L$ $K$ ) $0$
CGS . DCGB 2003 Sato-Suzuki [9] ,
. $0$ $V$ $0$
$I$ , $K[V]$ von Neumann regular ring $R=K[\overline{A}]/I$ , DCGB
$R[\overline{X}]$ Gr\"obner bases .
, $F\subset K[\overline{A},\overline{X}]$ DCGB von Neumann regular ring $K[\overline{A}]/I$ quasi-
inverse. idempotent , $I$ ( ) $I=P_{1}\cap\cdots\cap P_{k}$
, $K[\overline{A}]/P_{1},$ $(1\leq i\leq k)$ $(K[B]/P_{j})[\overline{X}]$
$\phi_{P}(F)=\{\phi_{P_{l}}(f)|f\in F\},$ $(\phi_{P} : K[\overline{A},\overline{X}]arrow(K[\overline{A}]/P_{1})[\overline{X}])$ Gr\"obner basi8 ,
Chinaee remainder $th\infty rem$ (CRT) , $(K[\overline{A}]/I)[\overline{X}]$ Gr\"obner basi8
. , CRT . .
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$(K[\overline{A}]/P_{1})[\overline{X}]$ $\phi_{P}(F)$ Gr\"obner basis $c_{i}$
, .
DCGB . quasi-inverse Noro
[6] Modular Dynamic Evaluation (MDE) . MDE dynamic evaluation
. [1 $I$ $[a]_{I}\in K[\overline{A}]/I$ , MDE $[a]_{I}$
, $[a]_{I}^{-1}$ , $I$ $I=(I:a)\cap(I+(a\rangle)$ . ,
MDE $[a]_{I}$ , $I:a$ $I+\langle a\rangle$ Gr\"obner bases .
modular .
. 2 CGB&CGS ,
DCGB . 3 von Neumann regular ring Gr\"obner bases , DCGB
. 4 Modular Dynamic Evaluation ,
von Neumann regular ring quasi-inverse, idempotent . DCGB von
Neumann regular ring Buchberger Algorithm .
2 CGB, CGS, and DCGB
, , .
, $f$ , $<$ (term order) , $HT<(f)$ $f$ $<$
(head term) . $HC<(f)$ $HT<(f)$ . $K,$ $L$ , $L$ $K$ . $\overline{X}=$
$\{X_{1}, \ldots, X_{n}\},\overline{A}=\{A_{1}, \ldots,A_{m}\}$ , $\overline{A}\cap\overline{X}=\emptyset$ . $T(\overline{X}),$ $T(\overline{A}),$ $T(\overline{A},\overline{X})$
, $\overline{A},\overline{A}$ $\overline{X}$ (term8) . $\overline{a}\in L^{m}$ , specialization
homomorphi8m $\sigma_{l}$ : $K[\overline{A}]arrow L$ . $\sigma_{\delta}$ $f(\overline{A})\in K[\overline{A}]$ $\sigma_{\delta}(f(\overline{A}))=f(\overline{a})$
. , $\sigma_{\varpi}$ , homomorphism $\sigma_{a}$ : $(K[\overline{A}])[\overline{X}]arrow L[\overline{X}]$ . $K[\overline{A}]$
$F$ , $F$ affine $V(F)\subset L^{m}$ ,
$V(F)=\{\overline{a}\in L^{m}|f\in F, f(\overline{a})=0\}$
. , $F$ $F=\{fi, \ldots,f_{k}\}$ , affine $V(fi, \ldots,f_{k})$ .
$f\in K[\overline{A}]$ , $G\subset K[\overline{A}]$ , $<\lambda$ . $NF_{G,<\lambda}(f)$ , $f$ $<\lambda$ $G$
normal form 1 . $NF_{G,<X}(f)$ , $G$ Gr\"obner basi8
. , $I\subset K[\overline{A}]$ , $K[\overline{A}]/I$ $[f]$ ; , $G$ $I$
Gr\"obner basi8 , $[f]_{I}=NF_{G,<\lambda}(f)$ .
1(Comprehensive Gr\"obner System)
$F$ $K[\overline{A},\overline{X}]$ , $S_{1},$ $\ldots,S_{l},$ $T_{1},$
$\ldots,$
$T_{l}$ $K[\overline{A}]$ . ,
$\mathcal{G}=\{(S_{1},T_{1},G_{1}), \ldots, (S_{l}, T_{t},G_{l})\}$ $F$ < comprehemive Gr\"obner $sy\epsilon tem$
, (V(S\sim )\V( ))\cup $\cdot$ .. $\cup(V(S_{l})\backslash V(T_{l}))=L^{m}$ , $\overline{a}\in v(s_{:})\backslash V(T_{1})$ . $(i=1, \ldots,l)$
$\sigma_{\overline{a}}(G:)$ $L[\overline{X}]$ $\langle\sigma_{\overline{a}}(F)\rangle$ < Gr\"obner basis .
, $(S_{1},T_{1}, G_{1})$ $(V(S_{1})\backslash V(T_{1}), c_{:})$ $\mathcal{G}$ segment, Gr\"obner system .
2(Comprehensive Gr\"obner Bases)
$G\subset K[\overline{A},\overline{X}]$ $F$ comprehensive Gr\"obner buis , $\overline{a}\in L^{m}$ $\sigma_{f}(G)$ $(\sigma_{f}(F)\rangle$ $\subset$
$L[\overline{X}]$ < Gr\"obner basis .
3 (Discrete Comprehensive Gr\"obner Bases)
Gr\"obner system $(S,T,G)(S, T\subset K[\overline{A}], G\subset K[\overline{A},\overline{X}])$ discrete comprehensive Gr\"obner basis
, $V(S)$ $0$ $V(T)$ . $(S,T, G)$
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$(V(S)\backslash V(T), G)$ $(S, G)$ $(V(S), G)$ . , $G$ $<\overline{x}$ $V(S)$ discrete
comprehensive Gr\"obner basis .
3 Gr\"obner Bases over Von Neumann Regular Rings and DCGB
DCGB , von Neumann regular ring Gr\"obner bases ,
von Neumann reguly ring Gr\"obner bases . , von Neumann
regular ring $R$ , $R$ $R[\overline{X}]$ . ,
, $R[\overline{X}]$ Gr\"obner basis . , Gr\"obner basis Gr\"obner
basi8 Buchberger Algorithm .
3.1 Von Neumann Regular Rings
4
1 $R$ von NNeumann regular ring , .
$a\in R$ , $b\in R$ , $a^{2}b=a$ .
, $b$ , $a=ab,$ $a^{-1}=ab^{2}$ , $a$ idempotent, $quasi- in\gamma erse$
.
5
$R$ von Neumann regular ring , $a\in R$ . , $aa^{*}=a,$ $aa^{-1}=a$ . $(a)^{2}=a$
, $a,$ $a^{-1}$ .
3.2 Monomial Reductions and Gr\"obner Bases
von Neumann regular ring $R$ $R[\overline{X}]$ Gr\"obner bases
. , $R$ von Neumann regular ring , $T(\overline{X})$ $<_{\overline{X}}$ $R[\overline{X}]$
. , $0$ $f\in R[\overline{X}]$ , $f$ $qua8i$-inverse $HC<z^{(f)^{-1}}$
$f’=HC<x(f)^{-1}\cdot f$ $f$ monic .
6(monomial reduction)
$f,p\in R[\overline{X}]$ , $f=a\overline{X}^{\alpha}+g’$ , $(a\in R,\overline{X}^{a}\in T(\overline{X})$ $a\overline{X}^{\alpha}$ $f$ ) ,
$f,p\neq 0$ . , $f$ $P$ , $a\overline{X}^{\alpha}$ , $\overline{X}^{\beta}\in T(X)$
, $\overline{X}^{\beta}\cdot HT<x(p)=\overline{X}^{a}$ , $a\cdot HC<x(p)\neq 0$ ,
$g=f-a\cdot HC<x[p)^{-1}\cdot\overline{X}^{\beta}\cdot p$
$f$ $P$ 1 , $farrow_{p}g$ .
, $P\subset R[\overline{X}]$ $f\in R[\overline{X}]$ $arrow P$ . , $P$
$arrow P$ . , Gr\"obner bases
.
7 (Grobner bases)
$G\subset R[\overline{X}]$ Gr\"obner $b\epsilon sis$ , $f\in(G)$ , $farrow^{\backslash }G0$
. , $G$ $I\subset R[\overline{X}]$ Grobner basis , $f\in I$ ,
$farrow^{l}G0$ , , ($G\rangle$ $=I$ .
50
, Sato [10] 2.2, 23, 24 , $S$ Gr\"obner




$G\subset R[\overline{X}]$ Gr\"obner buis . $0$ 2 $f,g\in G$
, spo1$(f,g)arrow^{r}G0$ .
, $R[\overline{X}]$ Buchberger Algorithm .
3.3 Gr\"obner Bases over Von Neumann Regular Rings and DCGB
von Neumann regular ring $R$ Gr\"obner bases DCGB




$\ldots$ , $K_{\ell}$ . , $K=K_{1}x\cdots x$ K. , $K$
von Neumann regular rioe .
10
$K_{1},$
$\ldots$ , $K$, , $K=K_{1}x$ . . . $xK_{\ell}$ von Neumann regular ring . $a=$
$(a_{1}, \ldots,a.)\in K$ , $a=(a_{1}’, \ldots,a_{l}’),$ $a^{-1}=(a_{1}’’, \ldots,a’’)$ ,
$a_{1}’=\{\begin{array}{ll}1 if a_{1}\neq 0,0 other se.\end{array}$
$a_{1}’’=($
1




, $a’,$ $a^{-1}$ .
11
$I\subset K[\overline{A}]$ $0$ . , $I$ $I=P_{1}\cap\cdots$ P. ,
$K[\overline{A}]/I\simeq K[\overline{A}]/P_{1}x\cdots xK|\overline{A}]/P_{l}$
. $K[\overline{A}]/P_{1}$ . $(1\leq i\leq s)$ , $K[\overline{A}]/I$ von Neumann regular ring .
, $0$ $I\subset K[\overline{A}]$ $f= \sum_{1=0}^{k}A(\lambda)\overline{X}^{\alpha}‘\in(K[\overline{A}])[\overline{X}],$ $(a_{1}(\overline{A})\in K[\overline{A}])$ ,
$\phi_{I}$ : $K[\overline{A},\overline{X}]arrow(K[\overline{A}]/I)[\overline{X}]$ $\phi_{l}(f)=\sum_{i=0}^{k}[a_{i}(\overline{A})]_{I}\overline{X}^{\alpha\ell}\in(K[\overline{A}]/I)[\overline{X}]$ . $\phi_{I}$
.
Sato [10] 33 . von Neumann regular ring Gr6bner
basee DCGB .
12 (Sato)
$I\subset K[\overline{A}]$ $0$ . $F,$ $G\subset K[\overline{A},\overline{X}]$ . $\phi_{1}(G)$ $\{\phi_{I}(F)\rangle$ $\subset$
$(K[\overline{A}]/I)[\overline{X}]$ < von Neumann regular ring Gr\"obner basis , $G$ $<x$
$V(I)$ discrete comprehensive Gr\"obner basis .
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4 Computation of the Quasi-inverse and the Idempotent in a
$K[\overline{A}]/I$
, $K[\overline{A}]/I$ quasi-inverse idempotent .
Noro [5] MDE .
13
$I\subset K[\overline{A}]$ $0$ , $I=P_{1}\cap\cdots$ $P$. $I$ ( ) . aE $K[\overline{A}]$





3. $I=(I : a)\cap(I+(a\rangle)$
4. [a]I: $K[\overline{A}]/(I:a)$ .
.
$I:a$ Gr\"obner basis .
$\phi$ $14$ (Inverse or Quotient)
$I\subset K[\overline{A}]$ $0$ , $G$ $<z$ Gr\"obner basis . , $a$ E $K[\lambda]$
, 2 .
1. $b\in K[\overline{A}]$ $[ab]_{I}=[1]_{I}$ , $[a]_{1}^{-1}=[b]_{I}$ .
2. $b\in K[\overline{A}]$ $[ab]_{1}\neq[1]_{I}$ , $H=$ { $[b]_{1}\in K[\overline{A}]/I|$ [ab]; $=[0]_{I}$ } , $H$
$K$ $G_{H}=\{g_{1}, \ldots, g_{l}\}$ , $G\cup G_{H}$ $I:a$ $<z$
Gr\"obner buls .
MDE [$a|_{I}$ , $K[\overline{A}]/I$ ,
$G_{H}$ . , $lnv0rSplit(G, f, <_{\overline{A}})$ ,
$Inv0rSplit(G,a, <\lambda)=\{\begin{array}{ll}b if \exists b\in K[\overline{A}] such that [a]_{1}[b]_{J}=[1]_{I},G\cup G_{H} otherwise.\end{array}$
. , $I+(f\rangle$ Gr\"obner basi8 MDE modular . Noro [5] Section




$I\subset K[\overline{A}]$ $0$ , $K[\overline{A}]/I$ von Neumann $reg\omega ar$ ling . ,
$[a]_{I}\in K[\overline{A}]/I$ , $[a]_{I}^{*}=[a^{r}]_{I},$ $[a]_{I}^{-1}=[a^{-1}]_{I}$ $a,$ $a^{-1}\in K[\overline{A}]$ ,
1. $[a^{\ell}]_{I:}$ $=[1]_{I:}$ $[a]_{l+(a)}=[0]_{l+\{a)}$ .
2. $[a^{-1}]_{I:a}=[a]_{I:a}^{-1}$ $[a^{-1}]_{I+\{a\rangle}=[0]_{I+(a)}$ .
.
, $K[\overline{A}]/I$ $qua\epsilon i$-inverse MDE .
, quasi-inverse idempotent .
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Algorithm QuasiInverse Algorithm :dempotent
INPUT: A Gr\"obner basis $G$ of a zero-dimensional $INPU\Gamma$ : A Grobner basis $G$ of a zero-dimensional
radical ideal $I\subset K[\overline{A}]$ , a polynomial radical ideal $I\subset K[\overline{A}]$ , a polynomial
$a\in K[\overline{A}]$ considered as an element of $a\in K[\overline{A}]$ considered as an element of
$K[\overline{A}]/I$, anda term order $<\lambda$ . $K[\overline{A}]/I$, anda term order $<x$ .
OUTPUT: A polynomial $a^{-1}\in K[\overline{A}]$ considered as OUTPUT: A polynomiala $EK[\overline{A}]$ considered as
the quasi-inverse element of $a$ . the idempotent element of $a$ .
BEGIN BEGIN
$G_{q}arrow lnv0rSplit(G,a, <\lambda))$ $G_{q}arrow lnv0rSpllt(G,a, <\lambda)$ ;
1F $G_{q}$ is $a$ $polynom:al$ THEN 1F $G_{q}$ is a polynomial THEN
$a^{-1}arrow G_{q}$ ; $a^{\ell}arrow 1$ ;
ELSE ELSE
$b^{-1}arrow 1nv0rSplit(G_{q}, a, <\lambda)$ ; $G_{r}arrow GBrem(G,a, <\lambda)$ ;
$G_{r}arrow GBrem(G,a, <A)$ ; $a^{t}arrow IPo1((G_{q}, 1),$ $(G_{r},0),G,$ $<z$ );
$a^{-1}arrow 1Po1((G_{q}, b^{-1}),$ $(G_{r},0),$ $G,$ $<\lambda$);
\Phi return $a$“ ;
return $a^{-1}$ ; END
\Phi
, $lPo1((G_{1},a_{1}),$ $(G_{2},a_{2}),$ $G,$ $<x$ ) $NF_{G,<\lambda}(a)=a$ , $NF_{G_{1},<\lambda}(a)=a_{1}$ p $NF_{G_{*},<\lambda}(a)=$




$I\subset K[\overline{A}]$ $0$ , $G$ $<\lambda$ $I$ Gr\"obner basis . $K[\overline{A}]/I$ von
Neumann regular ring , $[a]_{I}EK[\overline{A}]/I$ , ) $Qua\epsilon 1lnver\epsilon\epsilon(G,a, <\lambda)$ ,
ldempotont $(G, a, <_{4}r)$ , $[a]_{I}$ $qu$asi-inverse $[a]_{I}^{-1}$ $a^{-1}\in K[\overline{A}]$ .
idempotent $[a]_{I}^{*}$ $a^{*}\in K[\overline{A}]$ .
$F\subset K[\overline{A},\overline{X}]$ V(I) DCGB $K[\overline{A}]/I$ Gr\"obner basis ,
11 $I$ $K[\overline{A}]/I\simeq K[\overline{A}]/P_{1}x\cdots x$ K[A-]/P ,
$K[\overline{A}]/P_{1}$ $\phi_{P_{4}}(F)$ Gr\"obner basi8 , Gr\"obner bases $G_{P_{1}},$ $\ldots,$ $G_{P}$. CRT
, $K[\overline{A}]/I$ Gr\"obner basi8 $G_{l}$ .
$l^{a}$ , $K[\overline{A}]/I$ quasi-inverse , von Neumann regular ring $K[\overline{A}]/I$
Gr\"obner bases Buchberger Algorithm . von Neumann regular ring
Buchberger Algorithm , Weispfenning [13] .
5 Conclusion
Von Neumann regular ring $K[\overline{A}]/I$ quasi-inver8e idempotent MDE
, DCGB Buchberger Algorithm
.
, $\mathbb{Q}[\overline{A},\overline{X}]$ DCGB implementation $Ri_{8}a/Asir[6]$
Asir . implementation .. The Sugar 8trategy [2].
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. Gebauer-M\"oller’s useless pairs detection [1] on a von Neumann regular ring $K[\overline{A}]/I$ .. G\"obner trace algorithm [12] on a von Neumann regular ring $K[\overline{A}]/I$ .
, .
, DCGB Suzuki-Sato CGS [11] , CGS
, .
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